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Introduction and preliminaries
A (v, k, t) trade is a pair T = (X, {T 1 , T 2 }) in which T 1 and T 2 are two disjoint collections of k-subsets (called blocks) of X such that for every t-subset A, the number of occurences of A in T 1 is the same as the number of occurences of A in T 2 . We will use the notation (X; T 1 , T 2 ) instead of T = (X, {T 1 , T 2 }). A (v, k, t) trade is called (v, k, t) Steiner trade if any t-subset of X occurs in at most once in T 1 (T 2 ). A (v, k, t) trade is called d-homogeneous if the number of occurences of each element of X in T 1 (T 2 ) is exactly d. In a (v, k, t) trade, both collections of blocks must cover the same set of elements. This set of elements is called the foundation of the trade and is denoted by found(T). Also, the number of blocks in T 1 is the same as the number of blocks in T 2 which is called the volume of the trade.
Trades are useful combinatorial objects with many applications in various areas of combinatorial design theory. The concept of trade was first introduced (1960) in paper [13] . Later, Steiner trades are used and renamed by Milici and Quattrocchi (1986) with the name of DMB (disjoint and mutually balanced). Recently, a generalization for the concept of trade has been introduced in [22] by the name of µ-way trades as follows:
A µ-way (v, k, t) trade is a pair T = (X, {T 1 , T 2 , · · · , T µ }) such that for each i = j, (X; T i , T j ) is a (v, k, t) trade.
There exist many questions concerning µ-way trades. Some of the most important questions are about the minimum volume and minimum foundation size and the set of all possible volume sizes of µ-way trades. Not much is known for the mentioned questiones about µ-way (v, k, t) trades for µ ≥ 3 and most of the papers have been focused on the case µ = 2, see [2, 14, 15, 21] . µ-way trade is defined as different name as N -legged trade, before, see [12] . Some questions have been answered about the existence and non-existence of 3-way (v, k, t) trades for some special values of k and t in [22] . Also, some results on the 3-way d-homogeneous (v, 3, 2) Steiner trades for some special values of d have been obtained in [1] .
In this paper, we determine the minimum volume and the minimum foundation size of µ-way (v, t+1, t) trades for each integer number µ ≥ 3 and t = 2. This problem has been solved by Hwang [15] for µ = 2 and each integer number t by an easy induction on t. But to obtain a similar result about µ-way (v, 3, 2) trades for each µ ≥ 3, we need more information about the structure of µ-way trades of minimum volume.
In this paper, we concern with (2, 3)-packing designs. These objects are very useful in the study of (v, 3, 2) trades and their generalization. Conversely, (v, 3, 2) trades and their generalizations can be used in the study of the intersection problem of packings and their large sets.
Let V be a set of v points. A (2, 3)-packing on V is a pair (V, A), where A is a set of 3-subsets (called blocks) of V , such that each pair of distinct points from V appears together in at most one block. The leave of a (2, 3)-packing (V, A) is the graph (V, E) where E consists of all the pairs which do not appear in any block of A. Also D(v, k) will be denote the maximum number of maximum (2, 3)-packings on v points with the same leave such that any two of them have exactly k blocks in common, these k blocks are contained in each of the maximum (2, 3)-packings. The following upper bound on ϕ(v) has been proved in [23] .
for v ≡ 4 (mod 6). Further, except v ≡ 4 (mod 6), the upper bound is acceived only if the packings are maximum. [19, 20, 24] .
3) For v ≡ 4 (mod 6), ϕ(v) = v − 6 [4, 5, 6, 7, 8, 16] .
Let (X, {T 1 , T 2 , · · · , T µ }) be a µ-way (v, k, t) trade of volume m, and x, y ∈ found(T ). Let us denote by r x and λ xy the number of blocks in T i (1 ≤ i ≤ µ) which contains the element x and the number of blocks contains the pair x, y, respectively. The set of blocks in T i (1 ≤ i ≤ µ) which contains x ∈ found(T) is denoted by T ix (1 ≤ i ≤ µ) and the set of remaining blocks by
As an analogue of a lemma in [15] , we have the following lemma for µ-way trades. Lemma 1. Let T = (X, {T 1 , T 2 , · · · , T µ }) be a µ-way (v, k, t) trade of volume m and x ∈found(T) with r x < m,
In the throughout of this paper, the notation xA will denote the set that its elements are the union of the set {x} with each element of A.
Upper bounds on the numbers D(v, k)
In this section we obtain upper bounds on the numbers D(v, k) for some special values of k that will be useful to obtain main result. Note that, if there exists a set of m (2, 3)-packings on v-set V with the same leave and b v blocks which intersect in k blocks, the remaining different blocks form a m-way It is easy to check that (X, A 1 ), (X, A 2 ) and (X, A 3 ) are three STS(7)s which intersect in one block. Then (X, {T 1 , T 2 , T 3 }) is a 3-way (7, 3, 2) Steiner trade of volume 6 = 7 − 1 in which T i = A i \ {123} for i = 1, 2, 3 (also the set {T 1 , T 2 , T 3 } forms a set of 3 DMB (2, 3)-packings).
Example 2. Let X = {1, 2, 3, 4, 5, 6, 7, 8, 9} and A 1 , A 2 and A 3 be the following sets. It is readily checked that (X, A 1 ), (X, A 2 ) and (X, A 3 ) are three STS(9)s which intersect in one block. Proof. Let X be a set on v points. Suppose that (X, A 1 ), (X, A 2 ), · · · and (X, A t ) are t Steiner triple systems with exactly one block in common. Without loss of generality, consider the block {1, 2, 3} as the only common block. Assume that w is an element of X \ {1, 2, 3}. The third element in block containing the pair 1w must be distinct in each of t systems and this element belongs to X \ {1, 2, 3, w}. Then t ≤ v − 4. Suppose that t = v − 4. Let F j i be the 1-factor on the set X \ {j} such that jF
It is easy to see that the number of distinct elements of C j to form ab where a, b / ∈ {1, 2, 3, j} is at least (v − 1)( v−1 2 − 4) + 6 and the number of distinct elements of
, then there exists at least an element for example xy such that xy
Since the pairs to form xa such that jxa ∈ A i for i = 1, 2, · · · , v − 5 are distinct and jxy / ∈ A v−4 , then there does not exist any element for block containing the pair jx in the Steiner triple system (X, A v−4 ) and this is a contradiction.
Suppose that X is a set on v points where v ≡ 0, 2 (mod 6). Let (X, A 1 ), (X, A 2 ), · · ·, (X, A t ) be the maximum packings with the 1-factor F as the common leave. Suppose that 123 is the only common block of these packings. We choice an element w ∈ X \ {1, 2, 3} and 1w / ∈ F . Assume that x and y are the elements of the set X such that 1x, wy ∈ F . The third element in block containing the pair 1w must be distinct in each of t packings and this element belongs to X \ {1, 2, 3, w, x, y}. Then t ≤ v − 6.
Proof. We prove the Case 1. The proof of Case 2 is similar. Suppose that X is a set on v points where v ≡ 1, 3 (mod 6). Let (X, A 1 ), (X, A 2 ), · · ·, (X, A t ) be t Steiner triple systems with k blocks in common. We have two following cases. 1) Suppose that each element of X has been appeared in at most one of common blocks. Since k ≥ 2, suppose that xyz and uvw are two of common blocks. The third element in block containing the pair xu must be distinct in each of t systems and this element belongs to X \ {x, y, z, u, v, w}. Then t ≤ v − 6.
2) Assume that there exists an element x ∈ X that has been appeared in at least two of common blocks. If the element x belongs to some of uncommon blocks, let p ∈ X be an element that the pair xp belongs to one of uncommon blocks and xyz and xuv be two of common blocks, then the third element in block containing the pair xp must be distinct in each of t systems and this element belongs to X \ {x, p, y, z, u, v}. Then t ≤ v − 6. If the element x does not belong to any of uncommon blocks, since k = v−1 2 , let y be an element of X \ {x} that has been appeared in at least two of common blocks and at least one of uncommon blocks. Suppose that xyz and yuv are the mentioned common blocks and p is an element of X \ {x, y, z, u, v} such that the pair yp does not belong to any of common blocks and xpw is the common block containing the pair xp. Then the third element in block containing the pair yp must be distinct in each of t systems and this element belongs to X \ {x, y, z, u, v, p, w}. Then t ≤ v − 7.
Proof. Suppose that X is a set on v points where v ≡ 1, 3 (mod 6). Let (X, A 1 ), (X, A 2 ), · · ·, (X, A t ) be t Steiner triple systems with k blocks in common. Since k ≥ ⌊ v 3 ⌋ + 1, then by the pigeonhole principle there is at least one element in X that has been appeared in at least two blocks of k common blocks. The two following cases will be happen. 1) If there exists an element x that does not belong to any of uncommon blocks, the assertion follows from the proof of Theorem 4.
2) Suppose that each element x ∈ X belongs to some of uncommon blocks. If there is an element x that has been appeared in at least three of common blocks, obviously t ≤ v − 7. If for each element x, the number of common blocks containing the element x is at most two, let xuv and xwz be two of common blocks. Since k ≥ 5 and each element has been appeared in at most two of common blocks, then there exists one common block that has at least two elements y and p distinct from the set {x, u, v, w, z}. Then the third element in block containing the pair xp must be distinct in each of t systems and this element belongs to the set X \ {x, u, v, w, z, y, p}. So t ≤ v − 7.
3 Minimum volume and foundation size of µ-way (v, 3, 2) trades Hwang in [15] proved the following theorem for µ = 2. The proof can be easily obtained by induction on t and using Lemma 1.
ii. the volume of T is at least 2 t .
No analogue of Theorem 6 for µ-way trades (µ ≥ 3) is known. In this section, we determine the minimum volume and minimum foundation size of µ-way (v, 3, 2) trades for each integer µ ≥ 3. The following theorem help us to obtain the main result. 
Then, the minimum volume of a µ-way (v, 2, 1) trade is ⌈ Proof. Suppose that T = (X, {T 1 , T 2 , · · · , T µ }) is a µ-way (v, 3, 2) trade of minimum volume. Let x and y be two elements of found(T) such that λ xy ≥ 2. Suppose that α i and β i for i = 1, 2, · · · , µ are the elements of found(T) such that xyα i , xyβ i ∈ T i . Then there must exist some blocks in T 1 containing the pairs xα i , xβ i and yα i , yβ i for i = 2, 3, · · · , µ. In the best condition, there exist 1-factors F 1 and F ′ 1 on the set {α i , β i : i = 2, 3, · · · , µ} such that xF 1 ⊂ T 1 and yF
and the number of elements of F by counting the repeated elements is 2(µ − 1)(µ − 1). Then
Since each element of F has been counted at most two times, then the number of distinct elements of F disjoint from F 1 and F ′ 1 is at least
and this is in contradiction to the result in Lemma 2.
Theorem 9. If T is a 5-way (v, 3, 2) trade, then the volume of T is at least 12.
Proof. Since there exist seven disjoint STS(9)s, then by choosing 5 of them, we have a 5-way (9, 3, 2) trade of volume 12. Then it is sufficient to show that there does not exist any 5-way (v, 3, 2) trade of volume less than 12. Suppose that T = (X, {T 1 , T 2 , T 3 , T 4 , T 5 }) is a 5-way (v, 3, 2) trade of volume m < 12. By Theorem 2, since ϕ(7) = 2 and ϕ(8) = 4, then |found(T)| ≥ 9. Since m < 12, then there must exist at least one element of found(T) for example x such that r x = 3. Let F i be the 1-factor on the set {1, 2, 3, 4, 5, 6} such that T ix = xF i .
Set B i = j =i F j . By α i and β i we denote the number of blocks in T ′ ix that contain three elements and one element of B i , respectively for i = 1, 2, 3, 4, 5. Since T is a Steiner trade, then
and since m ≤ 11, then
Therefore α i ≥ 2. Now we show that α i = 3, 4 for each i.
If for some i, α i = 4, since there does not exist 5-way (v, 3, 2) trade of volume 7 and T is a Steiner trade, then T ′ ix contains a block {y, w, z} that at most one element of this block belongs to {1, 2, · · · , 6}. Since |{y, w, z} ∩ {1, 2, · · · , 6}| ≤ 1, r y , r w , r z ≥ 3 and T is a Steiner trade, then m ≥ 3 + 4 + 1 + 2 × 2 that it is in contradiction to our hypothesis m ≤ 11. Therefore α i = 4. Now assume that for some i, α i = 3 and A is the set of these three blocks. Since T is a Steiner trade, then nine distinct elements of B i have been appeared in blocks of A. By the pigeonhole principle three elements of {1, 2, · · · , 6} have been appeared in two blocks of A and the remaining elements in one block of A. If a, b and c are three last elements, then there exist three distinct elements y, w and z disjoint from {1, 2, · · · , 6} such that {y, a, b}, {w, a, c} and {z, b, c} ∈ T ′ ix . Since r y , r w and r z ≥ 3, then m ≥ 3+3+3+3 that it is in contradiction to our hypothesis. Therefore α i = 3 and so α i = 2.
Suppose that A i and B i are the set of blocks in T 
Then there exist two distinct elements w, z / ∈ {1, 2, · · · , 6} such that wF i , zF
. One can easily seen that there exists a pair ab that has been appeared in a block of A i for an unique value i. Suppose that xab ∈ T jx (j = i). Then for each three index k = i, j, the pair ab must be appeared in a block of B k . By the pigeonhole principle there exist the indices k and k ′ such that wab ∈ B k and wab ∈ B k ′ that is a contradiction. Then the hypothesis m ≤ 11 is impossible and so m ≥ 12. and |found(T)| ≥ µ + 3, for µ = 4 is at least 8 and |found(T)| ≥ 8,
2) for µ ≡ 1, 5 (mod 6) and µ = 5 the volume T is at least (µ+2)(µ+1) 6 and |found(T)| ≥ µ + 2, for µ = 5 is at least 12 and |found(T)| ≥ 9, 3) for µ ≡ 2 (mod 6) the volume T is at least (µ+4)(µ+2) 6 and |found(T)| ≥ µ + 4, 4) for µ ≡ 3 (mod 6) and µ = 3 the volume T is at least (µ+4)(µ+3) 6 and |found(T)| ≥ µ + 4, for µ = 3 is at least 6 and |found(T)| ≥ 7.
Proof. Let x be an element of found(T) with r x < m. Then by Corollary 1, r x ≥ ⌈ 
Since by the first part of Theorem 2, except for µ = 4 there exist µ + 1 disjoint Steiner triple systems on µ + 3 points with
blocks, then the assertion follows from 1 and 2. For µ = 4, since by Theorem 2, ϕ(7) = 2, then |found(T)| ≥ 8 and so m ≥ 
Since by the first part of Theorem 2, except for µ = 5 there exist µ disjoint Steiner triple systems on µ + 2 points with
blocks, then the assertion follows from 3 and 4. For µ = 5, the claim has beeen proved in Theorem 9.
3) In this case for all x ∈found(T), r x ≥ By comparison the three numbers we conclude the minimum volume of a µ-way (v, 3, 2) trade for µ ≡ 3 (mod 6) and µ = 3, is (µ+4)(µ+3) 6
. For µ = 3, the claim has been proved in [22] .
